Low-lying bound states for the problem of two Coulomb charges of finite masses on a plane subject to a constant magnetic field B perpendicular to the plane are considered. Major emphasis is given to two systems: two charges with the equal charge-to-mass ratio (quasi-equal charges) and neutral systems with concrete results for the Hydrogen atom and two electrons (quantum dot).
Introduction
It is well known that two dimensional, planar quantum systems exhibit many interesting properties both from the point of view of theory and potential applications. We consider two planar two-body Coulomb systems, (e 1 , m 1 ) and (e 2 , m 2 ), (a) particles with the same charge-to-mass ratio,
, and (b) particles with opposite charge and arbitrary masses (neutral system), both subject to a perpendicular constant magnetic. These two particular systems play a very important role in different physical sciences. It is worth mentioning that a progress in growing of artificial atoms or quantum dots in semiconductor heterostructures with a large but finite number of electrons opens a new perspective in fabrication of nanoelectronic devices. The presence of a magnetic field reveals a new physics phenomena, which are absent in the standard atomic-molecular physics, in particular, the existence of bound states of two electrons is a remarkable example of this (see e.g. [1] ). The Hydrogen atom in a strong magnetic field has relevance coming from astrophysics, where spectra in strong fields have been known since at least 1970, e.g. in the strongly magnetic white dwarf stars. Excitons and shallow impurities in semiconductors reveal hydrogen-like spectra. Consequently, several analytical, variational and numerical studies have been developed in the literature [2]- [12] in both 2D and 3D cases. Unlike the present paper, the previous studies of Hydrogen atom in 2D the present authors are familiar with, do not take into account the finite mass effects. There are explicit indications that in the case of finite masses new phenomena occurs in both classical and quantum problems (see e.g. [14] - [18] and references therein).
We are going to use the variational method with physically adequate trial functions [23] . To choose such trial functions we employ a simple idea to combine a WKB expansion at large distances with perturbation theory at small distances near the extremum of the potential into an interpolation similar to one already successfully used for 1D anharmonic oscillator [19] . These interpolations turned out to be quite accurate uniform approximations of the exact eigenfunctions. A particular goal of this paper is to present such an approximation for several lowest states of the Hydrogen atom and two electrons.
I. GENERALITIES
The Hamiltonian, which describes a two-body system in a constant and uniform magnetic field B = Bẑ perpendicular to the plane, is of the form (assuming ℏ = 
wherep 1,2 = −i ∇ 1,2 is the momentum and ρ 1,2 is the position of the first (second) particle.
We assume the symmetric gauge A 1,2 = 
is a vector integral of motion in the plane, where the dynamics is developed,
as well as the total angular momentum
[L,Ĥ ] = 0. The vectorL is perpendicular to the plane. In general, the problem is not completely integrable: the number of mutually commuting integrals (including the Hamiltonian)
is less than four, the dimension of the configuration space.
It is convenient to introduce center-of-mass (CMS) and relative coordinates R = µ 1 ρ 1 + µ 2 ρ 2 , ρ = ρ 1 − ρ 2 ,
where
is reduced mass of the ith particle and M = m 1 + m 2 the total mass of the system. In these coordinatesK
(cf. (2), (3)), where
is the total charge and the coupling charge
where m r is the reduced mass of the system, m r =
where n z is the unit normal vector to the plane. Hence, they span a noncommutative algebra with the Casimir operatorĈ,Ĉ
It is convenient to unitary-transform the canonical momenta
Aρ·R .
The unitary transformed Pseudomomentum (5) reads
and looks like as pseudomomentum of the whole, composite system of charge q, see (2). The unitary transformed Hamiltonian (1) takes the form
here q w ≡ e 1 µ 2 2 +e 2 µ 2 1 is an effective charge (weighted total charge). It is evident, [K ′ ,Ĥ ′ ] = 0 . The eigenfunctions ofĤ andĤ ′ are related through a phase rotation
Below we are going to study the spectra of the Hamiltonian (11) for two particular systems, (i) e c = 0, where separation of c.m.s. variables occurs [13] ,
(ii) q = 0, for which components of the PseudomomentumK become commutative (see (7)).
It is worth noting that for these two cases the problem becomes superintegrable (the number of integrals is larger than the dimension of the configuration space) and quasiexactly-solvable (see [20] - [21] ) for some discrete values of magnetic field [14] , [15] . For these values of magnetic field B, some eigenfunctions can be found analytically [17] , [18] , [15] .
II. QUASI-EQUAL CHARGES -CHARGES OF EQUAL LARMOR FREQUENCY
(e c = 0)
This case appears for charges of the same sign and equal cyclotron frequency,
The Hamiltonian (11) becomeŝ
where CMS variables are separated . HereĤ R (P, R) andĤ ρ (p, ρ) describe CMS and relative motion of two-body composite system, respectively, like it appears for field-free case. It can be easily shown that four operatorsĤ
(see (6)) are mutually commuting operators spanning a commutative algebra. Hence, at e c = 0 the system is completely integrable. Any state is characterized by four quantum numbers.
Due to decoupling of CMS and relative motion in (13) the eigenfunctions are factorized
The eigenfunctions of the CMS motion are same than those of a one-particle problem (the Landau problem), with charge q and mass M, in a constant magnetic field, i.e. it is an exactly solvable problem. In CMS polar coordinates, R = (R, θ), we write eigenfunctions (and spectra) in the following form, assuming e 1 > 0,
is associated Laguerre polynomial with index |S|, N = 0, 1, 2... is the principal quantum number and S = 0, ±1, ±2, ... is the CMS magnetic quantum number. Notice that the CMS motion cyclotron frequency is equal to one of the individual charge. Eventually, the spectra of Pseudomomentum (10),
Let us proceed to study the relative Hamiltonian,Ĥ ρ ψ = E ρ ψ, see (13) . Their eigenfunctions admit a factorization in relative polar coordinates ρ = (ρ, ϕ),
where s = 0, ±1, ±2, . . . is the magnetic quantum number, where the function p(ρ) obeys
where the reference point for the energy is changed
The boundary conditions for (18) are chosen in such a way that is known that for a certain combination of parameters A, B, C analytic eigenfunctions occur in a form of polynomial multiplied by some factor [20] , [21] , [14] . Hence, for specific values of a magnetic field B n , (18) possesses polynomial solutions P n (ρ), n = 1, 2, 3, .. [15] . In particular, for the case of two identical particles, (e 1 = e 2 ≡ e ; m 1 = m 2 ≡ m), the largest magnetic field B max for which the problem (18) admits an analytical solution is
(see e.g. [17] ), where B 0 is the characteristic magnetic field which defines the magnetic field unit. The corresponding eigenfunction is equal to
which corresponds to the ground state (at relative magnetic quantum number s = 0) with
The appearance of quasi-exact-solvability in the relative motion can be interpreted as appearance of the extra (particular) integral of motion for a certain values of a magnetic field. Let us denote an analytic eigenfunction as ψ qes (ρ). It implies that
One can construct the operator
where the gauge factor τ = ρ |s| e − e 1 m 2 B 4 (m 1 +m 2 ) c ρ 2 and the covariant derivative
It annihilates ψ qes ,
Thus, ψ qes is zero mode of I n,|s| . It immediately implies that
It is evident that the operator I n,|s| has (n + 1) zero modes and for each of them the equation (21) holds. Thus, the commutator [Ĥ ρ , I n,|s| ] vanishes on the space of zero modes of I n,|s| .
Therefore, I n,|s| is a particular integral (for discussion see [22] ).
Scaling relations. ρ (e, m 1 , m 2 , B, s) .
It is worth noting how the scaling relations look like for a particular case of equal charges but proportional masses, (e, m 1 , m 2 ) and (e, b m 1 , b m 2 ),
ψ(e, bm 1 , bm 2 , b 2 B, s; bρ) = ψ(e, m 1 , m 2 , B, s; ρ) ,
Asymptotics.
Making the analysis of Eq. (18) we arrive at 
which is, in fact, the perturbation theory expansion near the minimum of the funnel-type potential at ρ = 0. From another end, the expansion at large ρ → ∞ (WKB asymptotics)
has the form
where At large B the ground state the ground state energy behaves
1 is the strength of Coulomb interaction.
A. Approximations
One can make an interpolation for p between perturbation theory (24) and the WKB expansion (25) keeping in mind a form of the exact solutions of (18) (see [15] ) which must emerge for specific values of magnetic field [19] . The simplest interpolation for lowest states has the following forms:
(i) the ground state
(ii) one-node state,
(iii) two-node states,
′ s and α ′ s are parameters which will be found variationally. Supposedly, they
should behave smoothly as a function of a magnetic field. Parameters α 0 , (α 1 + 1), (α 1 + 2)
should be close to β (see (25)). For a discrete values of magnetic field the function p(ρ)
reduces to the corresponding exact solution. An information about the nodes is coded in the factor (1 − b 3 ρ) for the first excited state (27) and (1 − d 3 ρ + d 4 ρ 2 ) for the second excited state (28), respectively. As usual in variational studies, the orthogonality conditions between states are imposed which effectively reduce the number of free parameters.
B. Results
Below we explore the case of two electrons, e 1 = e 2 , m 1 = m 2 , which is the most important particular case of quasi-equal charges, e c = 0. Other cases of e c = 0 can be studied through scaling relations (22) - (23). We limit ourselves to a consideration of several low-lying states (N, S; n, s) with relative quantum number n = 0, 1, 2 and relative magnetic quantum number s = 0, 1, 2, see Tables I -V at Analysis of the first correction to the eigenfunction allows us to draw a conclusion that the trial functions (26), (27), (28) at optimal values of parameters are very accurate uniform approximations of the exact eigenfunction. Locally, the approximation provides at least 3-5 significant digits (s.d.) exactly for any value of the external magnetic field strength(!), (see Let us take a neutral system, (e, m 1 ), (−e, m 2 ), assuming e > 0. In this case the unitary transformed Hamiltonian (11) takes the form
CMS in (29) is not separated out. Unlike the case e c = 0, see Section II, the Hamiltonian is not completely integrable. The unitary transformed total Pseudomomentum (10), which commutes with H ′ , coincides with CMS momentum,
It is easy to check that the eigenfunction ofP has the form
where P is the eigenvalue and ψ P (ρ) depends on the relative coordinate ρ.
Studying the classical neutral system we found special, superintegrable, closed trajectories at a vanishing Pseudomomentum, P = 0, see ( [16] ). It implies that besides the global integrals of motion there exist a number of extra, particular integrals. It seems natural to assume that in the quantum case P = 0 it must occur special properties. It suggests to consider separately the quantum neutral system P = 0 (the system at rest), where centerof-mass dynamics is absent. It is a goal of the Section.
Substituting Ψ ′ P into (29) we obtain the equation describing the relative motion
where CMS momentum P appears as a parameter. At P = 0, the relative angular momentuml z = −i ∂ ϕ is conserved, the relative angle is separated out and the problem (29) is reduced to a study of dynamics in (relative) radial direction, thus, becomes effectively one-dimensional! At P = 0 the gauge rotated eigenfunctions (30) (see also (12)) do not depend on CMS
Furthermore, they admit a factorization in relative polar coordinates ρ = (ρ, ϕ) taking the
(see [15] ), where s = 0, ±1, ±2, ... is the magnetic quantum number. The function p(ρ)
where, for the sake of convenience, the reference point for the energy is changed,
The boundary conditions for (34) are chosen in such a way that
It is evident thatÊ =Ê(e, m 1 , m 2 , B, s). For specific values of a magnetic field B n , the equation (34) possesses polynomial solutions p = P n (ρ), n = 1, 2, 3.. [15] . In particular, the largest magnetic field B max for which the problem (34) admits an analytical solution is
where B 0 is the characteristic magnetic field which defines the magnetic field unit. The eigenfunction reads
(cf. (19) ), which corresponds to the first excited state (at magnetic quantum number s = 0) with the energy E = E 1 ≡ e B 1 c mr
. In general, all known analytically eigenfunctions correspond to excited states. The existence of analytic eigenfunctions is related to the appearance of extra (particular) integrals of motion which happened for a certain values of a magnetic field [15] .
Let us denote an analytic eigenfunction as ψ qes (ρ). It implies that
for a certain quantum numbers n, s. Construct the operator
where the gauge factor τ = e − e B 4 c ρ 2 ρ |s| and the covariant derivative
This operator annihilates ψ qes , I n,|s| ψ qes = 0 .
Hence, ψ qes is zero mode of I n,|s| . It immediately implies that
It is evident that in general the operator I n,|s| has (n + 1) zero modes and for each of them the equation (37) holds. Thus, the commutator [Ĥ , I n,|s| ] vanishes on the space of zero modes of I n,|s| . Therefore, I n,|s| is a particular integral (for discussion see [22] ). Moreover, acting over the space of zero modes of I n,|s| the neutral system under consideration becomes completely integrable.
Scaling relations
Let us consider two neutral (q = 0) systems, (e, m 1 , m 2 ) and (ẽ,m 1 ,m 2 ). 
Asymptotics
In the case of a neutral system, (e, m 1 , −e, m 2 ), making analysis of Eq. (34), one can obtain
where 24) ), which is, in fact, the perturbation theory expansion near the minimum of the funnel-type potential (see a discussion above). From another end, the expansion at large ρ → ∞ (WKB asymptotics) has the form
(cf. (25)).
It is worth noting that making analysis of (29) one can find a behavior of the ground state energy E 0 at weak and strong magnetic fields. For the weak-magnetic-field limit one can be derived using perturbation theory in powers of B 2 in (29). Final result has a form E 0 = −2 m r e 4 + 3 64 c 2 e 2 m 3 r B 2 + . . . .
It seems evident that this series is asymptotic. For the high-magnetic-field limit, making a suitable rescaling of ρ coordinate in (29) and developing a perturbation theory with respect to the Coulomb interaction term in the potential, we arrive at
A. Approximations
Following the same strategy as for the case e c = 0, see Section II, we make an interpolation for the eigenfunction p in (34) between perturbation theory at small distance (39) and the WKB expansion at large distances (40) also keeping in mind a form of the exact solutions of (34) (see [15] ) which must emerge for specific values of a magnetic field. It is worth mentioning that all exact solutions of (34) correspond to excited states. It is not that surprising but the simplest interpolation for lowest states have the forms given by (26)- (28) like for e c = 0 case.
B. Results
We focus on the important particular case of neutral system: the Hydrogen atom.
Other neutral systems, q = 0, can be studied using the scaling relation (38). The obtained results for several low-lying states (n, s) with relative quantum numbers n = 0, 1, 2 and relative magnetic quantum numbers s = 0, 1, 2 are presented in Tables VI -X. An immediate observation is that the very simple, few-parametric, variational trial functions It allows us to estimate a deviation of the variational trial function from the exact one.
Analysis of the first correction to the eigenfunction allows us to draw a conclusion that the trial functions (26), (27), (28) at optimal values of parameters are very accurate uniform approximations of the exact eigenfunction. Locally, the approximation provides at least 3-5 significant digits (s.d.) exactly for any value of the external magnetic field strength(!) (see 
IV. CONCLUSIONS
Summarizing, we state that a simple uniform approximation of the lowest eigenfunctions for two particular, physically important quantum systems, e c = 0 and q = 0 at rest is presented.
It manifests an approximate solution of the problem of spectra of this systems. The key element of the procedure is to construct an interpolation between the WKB expansion at large distances and perturbation series at small distances for the phase of the wavefunction, or, in other words, to find an approximate solution for the corresponding eikonal equation.
Separation of variables helps us to solve this problem. It is interesting that for both systems there exists special discrete set of magnetic fields for which some observables take values which can be found exactly, the eigenfunctions and energies of some states are known explicitly in closed analytic form. the relative coordinates is absent. As a result the WKB asymptotics cannot be constructed in a uniform way, it depends on a way of approaching to infinity. However, a reasonable approximation of the first growing terms of the WKB expansion seems sufficient to construct the interpolation between large and small distances giving high accuracy results. It will be Let us take the radial Schröedinger equation
where 
As a first step let us transform (44) into the Riccati equation form (assuming for simplicity
) by introducing ψ = e −φ ,
At λ = 0 the solution of (46) is given by y 0 = (log ψ 0 ) ′ and E 0 = 0. It is easy to find the equation for jth correction y j = (φ j ) ′ ,
Its solution has a form
and
as a consequence of the boundary condition,
In the case of excited (nodefull) states the perturbation theory is modified. At first, for the nth excited state in ρ with magnetic quantum number s the eigenfunction can be taken in the representation
where f (i) , i = 1, . . . n are nodes. Then, the perturbation theory is developed separately for energy, phase
and nodes,
(cf. (45)). The explicit formulas for corrections can be derived (cf. [23] ). In particular, for the first excited state the first correction to a node f (1) ,
A sufficient condition for such a perturbation theory to be convergent is to require that a perturbation 'potential' has to be bounded:
where C is constant. Obviously, the rate of convergence gets faster for smaller values of C . It is evident that the perturbation V 1 (ρ) is bounded if φ 0 (ρ) is a smooth function which reproduces exactly all growing terms at ρ tending to infinity including the logarithmic term ∼ β log ρ stemming from the expansion (25). Eventually, we choose φ 0 as in (17) multiplied by a factor (26), (27), (28), respectively, which generates the logarithmic term in the expansion of the phase at ρ → ∞. Hence, the emerging perturbation theory has to be convergent.
It was shown in [23] the variational energy calculated with a trial function ψ trial is equal to sum of the first two terms of the perturbation theory where ψ trial is taken as zero approximation, E variational = E 0 + E 1 . If this perturbation theory with ψ 0 = ψ trial is convergent, then the first correction ψ 1 to the trial function characterizes the deviation from the exact eigenfunction, while E 2 gives an estimate of the accuracy of the variational energy. 0.6801405 (7) 0.53543795(4) 0.4747145722810 (7) 1 3 0.84773000(8) (15) ), a modification due to correction E 2 (49) indicated by a number in brackets; magnetic field in effective atomic units, B 0 = 4.701×10 9 G.
Energies corresponding to exact solutions marked by * .
Two electron case (e c = 0). Node for first excited state 
